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ABSTRACT

7KLV�SDSHU�LV�DQ�H[WHQVLRQ��WR�WKH�IRUPXODWLRQ�SUHVHQWHG�LQ�3DUW�,
DQG� GHDOV� ZLWK� GHVLJQ� VLWXDWLRQV� ZKHUH� WKHUH� LV� QR� VXIILFLHQW
LQIRUPDWLRQ� WR� ZDUUDQW� WKH� XVH� RI � 3DUW� ,� GHWHUPLQLVWLF
RSWLPL]DWLRQ���7KH�IRUPXODWLRQ�DVVXPHV�WKH�H[LVWHQFH�RI �D�GHVLJQ
DOWHUQDWLYHV�SRRO�ZLWK� HQRXJK�H[SHUWLVH� WR� VFRUH� UDQNLQJ� DJDLQVW
WKH�VHOHFWHG�FULWHULD���3DUW�,,�EXLOGV�XSRQ�WKH�UDWLRQDOH�DGRSWHG�LQ
3DUW� ,�� IRU� WKH� VHOHFWLRQ� FULWHULD� DQG� WKH� LQWHJHU� SURJUDPPLQJ�
7KHUHIRUH�� D� IXQFWLRQ� RI � FRPSOH[LW\�� YDOXH�� FRVW� DQG� FXVWRPHU
VDWLVIDFWLRQ� ZLOO� EH� XVHG� DV� DQ� REMHFWLYH� IXQFWLRQ� FULWHULRQ�
7KLV� UDWLRQDOH� LV� URRWHG� LQ� WKH� FRQFHSWV� RI � 4)'�� D[LRPDWLF
GHVLJQ� DQG� YDOXH� HQJLQHHULQJ�� 7KH� IRUPXODWLRQ� LV� H[SDQGHG� WR
LQFOXGH� WHFKQLFDO� DQG� DVVHPEO\� IHDVLELOLW\� DV� FRQVWUDLQWV�� 7KH
IRUPXODWLRQ�XVHV�VRPH�FRQFHSWV�RI �IX]]\�VHW� WKHRU\� WR�TXDQWLI\
FRPSOH[LW\��D�IRUPXODWLRQ�LQJUHGLHQW�

.H\ZRUGV�� $[LRPDWLF� 'HVLJQ�� )X]]\� 6HW� 7KHRU\�� &RPSOH[LW\�
,QWHJHU�3URJUDPPLQJ��4)'��&RQFHSW�6HOHFWLRQ

1.  INTRODUCTION
7KH�FRQFHSW�VHOHFWLRQ�SUREOHP�LV�WR�VHOHFW�WKH�EHVW�GHVLJQ�HQWLW\
WKDW� QRW� RQO\� VDWLVILHV� WKH� FXVWRPHU� UHTXLUHPHQWV� EXW� DOVR
RXWSHUIRUPV� WKH� RWKHU� DOWHUQDWLYH� VROXWLRQV� EDVHG� RQ� D� VHW� RI
VHOHFWLRQ�FULWHULD�� �7KH� VHOHFWLRQ�SUREOHP� LQYROYHV� WKH� IROORZLQJ
WKUHH�PDMRU� VWHSV�� ���� LGHQWLILFDWLRQ� RI � WKH� VHOHFWLRQ� FULWHULD�� ���
WKH� UDQNLQJ� �VFRULQJ�� RI � GLIIHUHQW� GHVLJQ� HQWLWLHV� DJDLQVW� WKH
VHOHFWLRQ� FULWHULD�� DQG� ���� WKH� LGHQWLILFDWLRQ� RI � WKH� 
EHVW

�RSWLPXP�� HQWLW\�� � 7KH� EHVW� FRQFHSWXDO� HQWLW\� LV� WKH� RQH� WKDW
VFRUHV�IDYRUDEO\�LQ�WKH�UDQNLQJ�DJDLQVW�D�FULWHULRQ���+RZHYHU�� WKH
SUREOHP� EHFRPH� PRUH� FRPSOH[� ZKHQ� PXOWLSOH� FULWHULRQ� DUH
LQYROYHG�� � 7KH� VHOHFWLRQ� SUREOHP�PD\� EHFRPH� MXGJPHQWDO� VR� LW
ZLOO�EH�YHU\�SURQH�WR�ELDV�DV�UDQNLQJ�ZLOO�EH�GULYHQ�WR�IDYRU�VRPH
SUH�VHOHFWHG� FRQFHSWXDO� HQWLW\�� � 7KH� ELDV� SUREOHP� FDQ� EH
HOLPLQDWHG� E\� WKH� V\VWHPDWLF� HPSOR\PHQW� RI � WKH� GLVFLSOLQHG
VHOHFWLRQ� SURFHVV�� � 7KH� SURFHVV� FUHGLWDELOLW\� DQG� UREXVWQHVV� DUH

                                                       
1 7KH�UDWLRQDOH�LV�GLVFXVVHG�LQ�3DUW�,�DQG�QRW�UHSHDWHG�KHUH���7KH�UHDGHU�LV
HQFRXUDJHG�WR�UHIHU�WR�3DUW�,�IRU�FODULILFDWLRQ�

JUHDWO\� HQKDQFHG� ZKHQ� FRXSOHG� ZLWK� WKH� VWDWH�RI�WKH�DUW� GHVLJQ
WKHRULHV�

,Q� WKLV� SDSHU�� D� IRUPXODWLRQ� RI � WKH� VHOHFWLRQ� SUREOHP� DV� DQ
LQWHJHU�SURJUDPPLQJ�SUREOHP�ZLWK��PDLQO\��WZR�VHOHFWLRQ�FULWHULD�
FXVWRPHU� VDWLVIDFWLRQ� DQG� GHVLJQ� FRPSOH[LW\� LV� SUHVHQWHG�� � 7KH
FKRLFH�RI �GHVLJQ�FRPSOH[LW\�DV�D�VHOHFWLRQ�FULWHULRQ� LV� VWHPPLQJ
IURP�WKH� LQIRUPDWLRQ�D[LRP��6XK�������RI �WKH�D[LRPDWLF�GHVLJQ
�$'��DSSURDFK�� � ,Q� DGGLWLRQ�� � WKH�SURSRVHG� IRUPXODWLRQ� LV� EXLOW
DURXQG� FRQFHSWV� ERUURZHG� IURP�4XDOLW\� )XQFWLRQ�'HSOR\PHQW
�4)'��

7KH�XVH�RI �SUREDELOLW\�GLVWULEXWLRQV��3DUW�,�� LQGLFDWH�WKH�FDVH�RI
WKH� LQFUHPHQWDO� GHVLJQ� FODVVLILFDWLRQ�� L�H�� H[SHULHQFHG� GHVLJQ
VLWXDWLRQV� ZLWK� WKH� QHHGHG� LQIRUPDWLRQ� DYDLODEOH� WR� FDOFXODWH
FRPSOH[LW\�� �,QFUHPHQWDO�GHVLJQ� LV�D�GHVLJQ�WKDW� LV�ZLWKLQ� D� VOLJKW
YDULDWLRQ� RI� WKH� FXUUHQW� GHVLJQ�� � ,Q� PDQ\� GHVLJQ� VLWXDWLRQV�
HVSHFLDOO\�WKRVH�FODVVLILHG�DV�FUHDWLYH�GHVLJQ�VROXWLRQV��ZH�GR�QRW
KDYH� WKLV� OX[XU\� RI � LQIRUPDWLRQ� DQG� FRPSOH[LW\� FDQ� QRW� EH
FDOFXODWHG�� �7KH� W\SH� RI � LQIRUPDWLRQ� LQ� WKH� FUHDWLYH� VLWXDWLRQ� LV
TXDOLWDWLYH�DQG�IX]]\�LQ�WKH�IRUP�RI �HQJLQHHULQJ�MXGJPHQW�� �7KH
H[LVWHQFH� RI � IX]]\� LQIRUPDWLRQ� FDQ� EH� XWLOL]HG� WR� LQIHU
SUREDELOLW\� GLVWULEXWLRQ� IURP� IX]]\� GLVWULEXWLRQV� XVLQJ� WKH
FRQFHSWV� RI � SRVVLELOLW\� GLVWULEXWLRQ�� SRVVLELOLW\�SUREDELOLW\� SULQFLSOH�� DQG
PD[LPXP�HQWURS\�SULQFLSOH���7KH�SRVVLELOLW\�GLVWULEXWLRQ� LV�D�NH\�IRU
RXU�IRUPXODWLRQ�WKDW�XWLOL]HV�WKH� IX]]\�PRGHOLQJ� LQ� WKH� FDVHV�RI
LQH[SHULHQFHG�GHVLJQ�VLWXDWLRQ�

7KLV� SDSHU� LV� GHYHORSHG� DV� IROORZV�� � 6HFWLRQ� �� FRQWDLQV� WKH
QHHGHG� IX]]\� VHW� WKHRU\� EDFNJURXQG�� 6HFWLRQ� �� LV� WKH� FRUH
VHFWLRQ� RI � 3DUW� ,,� DQG� LV� GHYRWHG� IRU� WKH� IX]]\� IRUPXODWLRQ� RI
WKH�VHOHFWLRQ�SUREOHP���6HFWLRQ���LV�WKH�FRQFOXVLRQ�VHFWLRQ�

2.  THE FUZZY MODELING
/LQJXLVWLF�LQH[DFWQHVV��LPSUHFLVLRQ�� LV� WKH�PRVW�FRPPRQ�IHDWXUH
RI �PDQ\� UHDO� OLIH� VLWXDWLRQV�� �'XWWD� ������� FODVVLILHV� LPSUHFLVLRQ
DFFRUGLQJ� WR� LWV� VRXUFH�� PHDVXUHPHQW�� VWRFKDVWLF�� DPELJXRXV
GHILQLWLRQV�� LQFRPSOHWH�NQRZOHGJH�� HWF�� � ,Q�GHFLVLRQ�PDNLQJ�� IRU
H[DPSOH�� WKH�XVHIXOQHVV�RI �PDWKHPDWLFDO� DOJRULWKPV� LV� LQ�KDYLQJ
FOHDUO\�GHILQHG�REMHFWLYH� FULWHULD� DQG�FRQVWUDLQWV�� �7KH\� DUH� RQO\
DV�JRRG�DV�WKH�LQIRUPDWLRQ�WKH\�DUH�JLYHQ���,QIRUPDWLRQ�KDV�WR�EH

An Integer Programming Formulation For The Concept Selection Problem With
An Axiomatic  Perspective (Part II): Fuzzy Formulation
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FULVS� �SUHFLVH�� LQ�RUGHU� WR� \LHOG�SUHFLVH� GHFLVLRQV� �=LPPHUPDQQ
������

&HUWDLQW\�IRUPXODWLRQV�UHTXLUH�VWUXFWXUH�ZLWK�SUHFLVH�SDUDPHWHUV�
+RZHYHU��PRVW�UHDO� OLIH� VLWXDWLRQV� DUH� FKDUDFWHUL]HG� OLQJXLVWLFDOO\
ZLWK�GHJUHHV�RI � LPSUHFLVLRQ�� �3UHFLVLRQ� LPSOLHV�QR�DPELJXLW\�E\
DVVXPLQJ� WKDW� YDULDEOHV�� SDUDPHWHUV�� DQG� VWUXFWXUH� UHSUHVHQW
GHWHUPLQLVWLF� VLWXDWLRQV� DV� ZH� GLG� LQ� 3DUW� ,�� � 7KH� LPSUHFLVLRQ
LVVXH� LV� IXUWKHU� FRPSOLFDWHG� LQ� WKH� FODVVLILFDWLRQ� RI � FUHDWLYH
GHVLJQ�� �,Q�WKH�HDUO\�SKDVHV��D�GHVLJQ� LV�D�FROOHFWLRQ�RI � VFDWWHUHG
FRQFHSWXDO�WKRXJKWV�DQG�URXJK�GUDZLQJV��7KH�GLIILFXOW\�LQ�GHVLJQ
SUREOHP�IRUPXODWLRQ�RIWHQ� OLHV� LQ�HVWDEOLVKLQJ�SUHFLVH�REMHFWLYHV�
FRQVWUDLQWV�DQG�IXQFWLRQDO�UHTXLUHPHQWV�ZKLFK�DUH�XQFHUWDLQ���GR
QRW�IDOO�EHWZHHQ�ZKDW�ZH�FRQVLGHU�DV�GHILQLWH�DQG�SUHFLVH�� �(YHQ
ZKHQ� WKH� GHVLJQ� PDWXUHV� WR� D� SK\VLFDO� HQWLW\� YLD� WKH� PDSSLQJ
SURFHVV��LW�PD\�VWLOO�QHHG�IXUWKHU�WXQLQJ�DQG�RSWLPL]DWLRQ��SDUWO\�
GXH� WR� WKH� XQFHUWDLQW\� LQ� FKDUDFWHUL]LQJ� QRLVH� IDFWRUV� HIIHFW
GXULQJ� WKH� FRQFHSW�GHVLJQ� VWDJH�� � ,W� LV� DOPRVW� WKH� FDVH�� WKDW��ZH
FDQ� QRW� PDNH� GHWHUPLQLVWLF� DVVHUWLRQ� ZLWK� UHVSHFW� WR� FHUWDLQ
SKHQRPHQD�EHFDXVH�ZH�FDQ�QRW�PHDVXUH��GR�QRW� NQRZ�� FDQ� QRW
FDOFXODWH� DOO� IDFWRUV� LQYROYHG� �6WDUN� DQG� :RRGV�� ������� � :H
DWWULEXWH� YDULDQFH� EHWZHHQ� SURGXFWV� SDVVLQJ� WKH� VDPH� SURFHVVHV
WR�UDQGRPQHVV�E\�GLVFRXQWLQJ�WKH�V\VWHP�WR�LWV�DYHUDJH�EHKDYLRU�
7R�GR�WKDW��ZH�XVH�SUREDELOLW\�WKHRU\�WR�KDQGOH�UDQGRPQHVV�� �$V
VXFK�� GHVLJQ� PRGHOV� FDQ
W� EH� GHVFULEHG� DV� XQHTXLYRFDO�� � 1R
FRPSUHKHQVLYH� GHVLJQ� PRGHOV� FDQ� EH� ZULWWHQ� HYHQ� IRU
LQFUHPHQWDO� GHVLJQV� VLWXDWLRQV�� � 8QIRUWXQDWHO\�� H[LVWLQJ
NQRZOHGJH� LV� QRUPDOO\� FHQWHUHG� DURXQG� WKH� FULVS� LQFUHPHQWDO
�DGDSWLYH�� FODVVLILFDWLRQV�� � 8QGHU� WKHVH� FLUFXPVWDQFHV�� PDQ\
VXJJHVW�WKDW��D�GHVLJQ�SUREOHP�FRPSOH[LW\�FDQ�EH� OHVVHQHG�XVLQJ
FRQFOXVLRQV� RI � HPSLULFDO� NQRZOHGJH�� � 7KH� UHVXOW� RI � WKHVH
DFWLYLWLHV� DUH� WKH� GRPLQDWLQJ� IRUPDO� PRGHOV�� � ,Q� FXVWRPHU�
RULHQWHG�GHVLJQ��FXVWRPHUV�KDYH�ZDQWV�DQG�QHHGV�WKDW�DUH�KDUG�WR
LQWHUSUHW�� � 7KH\� DUH� H[SUHVVHG�� OLQJXLVWLFDOO\�� XVLQJ� WHUPV� ZKLFK
KDYH� QR� SUHFLVH� GHILQLWLRQ�� � $� VWDWHPHQW� LV� QRW� DOZD\V� ULJKW� RU
ZURQJ��DV�SHRSOH�DUH�QRW�DOZD\V�FODVVLILHG�DV�VPDUW�RU�VWXSLG��DQG
D� OLQHDU� SURJUDPPLQJ� �/3�� SUREOHP� LV� QRW� DOZD\V� IHDVLEOH� RU
LQIHDVLEOH�� <HW�� WR� FODVVLI\� DQ� /3� SUREOHP� DV� IRU� PRVW� FODVVLFDO
GHFLVLRQ�PDNLQJ�� RQH� GHVFULSWLRQ� RU� WKH� RWKHU�PXVW� EH� FKRVHQ�
7KLV� LV� LQ� DFFRUGDQFH�ZLWK� WKH� ODZ�RI � H[FOXGHG�PLGGOH� �.OLU� ������
7KLV�GLFKRWRPRXV�SURSHUW\� LV� WKH�EDVLV�RI � FODVVLFDO� VHW� WKHRU\�� �%\
WKH� VDPH� DQDORJ\�� V\VWHPV� �VROXWLRQ� HQWLWLHV�� FDQ� QRW� DOZD\V
FODVVLILHG� DV� YXOQHUDEOH� RU� QRQ�YXOQHUDEOH�� UREXVW� RU� QRW�UREXVW�
,Q� WKLV� FRQWH[W�� UREXVWQHVV� PD\� EH� YLHZHG� DV� D� FRQWLQXRXV
PHDVXUH�RI �VRPH�SRVVLELOLW\�GLVWULEXWLRQ��

$Q�H[DPSOH�WKDW�PD\�EH�XVHG� WR� IDFLOLWDWH� WKH� IX]]\� FRQFHSWV� LV
DV� IROORZV�� � $VVXPH� WKDW� WKHUH� DUH� �� GHVLJQ� SURSRVDO� �VROXWLRQ
HQWLWLHV���VD\�WKH�FULVS�VHW�6� �^6����6����6����6�`���:H�ZRXOG�OLNH�WR
VHOHFW� D� VROXWLRQ� HQWLW\� DW� UDQGRP� IURP� 6�� � 7KH� SUREDELOLW\
GLVWULEXWLRQ�LQ�WKLV�FDVH�LV��S�^6��`�� �S�^6��`�� �S�^6��`�� �S�^6�`�

 �
1

4
�� � ,I �ZH�ZHUH� DVNHG� WR� VHOHFW� UDQGRPO\� D� VXFFHVVIXO� FUHDWLYH

GHVLJQ��ZH�FDQ
W�XVH�WKH�SUREDELOLW\�GLVWULEXWLRQ�DERYH�EHFDXVH�RI
WKH�IX]]LQHVV�LQ�WKH�ZRUG�
6XFFHVVIXO
���7KH�DQVZHU�LV�LQ�GHILQLQJ

GHVLJQ�VROXWLRQ
��VD\�<��DV�D�YDULDEOH�WKDW�WDNHV�LQ�YDOXHV�LQ�WKH�VHW
6��DFFRUGLQJ�WR�D�SUREDELOLW\�GLVWULEXWLRQ�FRQVWUXFWHG�DURXQG��<
LV�VXFFHVVIXO��

$� IX]]\� VHW� DFFHSWV� REMHFWV� ZLWK� FHUWDLQ� GHJUHH�� WKH� VR� FDOOHG

PHPEHUVKLS� IXQFWLRQ� �=DGHK� ������� � 7KH� IX]]\� VHW�
~
A � LV

UHSUHVHQWHG�DV���
~
A �� {( , ( )) /     }AFR FR FR FRsP �

ZLWK�P$�)5��XQGHUVWRRG�WR�UHSUHVHQW�D�PDSSLQJ�RI �PHPEHUVKLS
RI �)5���P$��)5Vo >���@��)5o P$�)5����,W� LV�XQGHUVWRRG�WKDW� LQ

WKH� FULVS� FDVH�� � �  FR A FRA, ( )P 1 � DQG� ]HUR� RWKHUZLVH�
(YHU\�PDSSLQJ�RI � WKLV� QDWXUH�ZLWK� VRPH� FRQFHSWXDO� UHDOL]DWLRQ
�LQ�DOLJQPHQW�ZLWK�LQWXLWLYH�VHPDQWLFV�RI �LPSUHFLVH�GHVFULSWLRQ�RI
)5�� LV� D� IX]]\� VHW�� � )RU� H[DPSOH�� )5V� FDQ� EH� WKH� XQLYHUVH� RI
IX]]\�IXQFWLRQDO�UHTXLUHPHQWV��VXFK�DV�VW\OLVK��FKHDS��FRQYHQLHQW�
HWF�

2.1  Possibility-Probability Consistency Principle
7KH�IX]]\�LQIRUPDWLRQ�DERXW�WKH�HOHPHQWV�RI �D�ILQLWH�VHW�FDQ�EH
UHSUHVHQWHG� E\� D� SRVVLELOLW\� GLVWULEXWLRQ�� � 3RVVLELOLW\� WKHRU\� ZDV
ILUVW�LQWURGXFHG�E\�=DGHK���������DV�DQ�LQWHUSUHWDWLRQ�RI �D�IX]]\
VHW�� � 7KH� FRQFHSW� ZDV� IXUWKHU� GHYHORSHG� E\� ERWK� 'XERLV� DQG
3UDGH����������3RVVLELOLW\�LV�FRQFHUQHG�ZLWK�OLQJXLVWLF�XQFHUWDLQW\
WKDW� LV� DVVXPHG� WR� EH� SRVVLELOLVWLF� UDWKHU� WKDQ� SUREDELOLVWLF�� � )RU

H[DPSOH�� WKH� SURSRVLWLRQ� �;�� LV
~
A �� LV� D� SRVVLELOLW\� SURSRVLWLRQ

ZKHUH�;��LV�D�YDULDEOH�WDNLQJ�WKH�YDOXHV�[��DQG� A
~
�LV�D�IX]]\�VHW

ZLWK�P$�[���� � 3RVVLELOLW\� GLVWULEXWLRQ� LV� FRQVLGHUHG� VRPH� KRZ� D
PRGHOLQJ� WR� IX]]\� UHVWULFWLRQ��=DGHK� � �������� ������� � SURSRVHG
WKH�IROORZLQJ�GHILQLWLRQV�

'HILQLWLRQ��

/HW�
~
A �EH�D�IX]]\�VHW�LQ�WKH�XQLYHUVH�;�ZLWK�PHPEHUVKLS�P$�[�

LQWHUSUHWHG�DV�WKH�FRPSDWLELOLW\�RI�[�;�ZLWK�FRQFHSW� ODEHO� A
~
� �

/HW�;��EH�D�YDULDEOH�ZLWK�YDOXHV� LQ�;�DQG�
~
A � DFWLQJ� DV� D� IX]]\

UHVWULFWLRQ��5��;�����DVVRFLDWHG�ZLWK�;��7KHQ�WKH�SURSRVLWLRQ��;�

LV�
~
A �����ZKLFK�WUDQVODWHV�LQWR�5��;��� 

~
A �DVVRFLDWHV�D�SRVVLELOLW\

GLVWULEXWLRQ���S[���LQ�ZKLFK�;��LV�SRVWXODWHG�WR�EH�HTXDO�WR�5��;���

7KH�SRVVLELOLW\�GLVWULEXWLRQ�LV�S[� �P$�[��

7KH� UHODWLRQ� EHWZHHQ� SUREDELOLW\� DQG� SRVVLELOLW\� KDV� EHHQ� WKH
IRFXV� RI � =DGHK� �������� 'XERLV� DQG� 3UDGH� �������� � 7KH
SRVVLELOLW\�SUREDELOLW\� FRQVLVWHQF\�SULQFLSOH� LV� WKH� IRXQGDWLRQ� RI
VXFK� D� UHODWLRQVKLS�� � %DVHG� RQ� WKLV� SULQFLSOH�� /XHQJ� ������
VXJJHVWHG�GHULYLQJ�WKH�SUREDELOLW\��S[��RI �VXFFHVV�EDVHG�RQ�IX]]\

LQIRUPDWLRQ��S[��XVLQJ�WKH�FRQVLVWHQF\�SULQFLSOH�DV�DQ�HYLGHQFH�LQ
WKH� IUDPHZRUN� RI � PD[LPXP� HQWURS\� SULQFLSOH�� � 7KH� LPSRUWDQW
DGYDQWDJH�RI �WKLV�IRUPXODWLRQ� OLHV� LQ�WKH�WUDQVIRUPLQJ� WKH� IX]]\
LQIRUPDWLRQ� LQWR� D� GHWHUPLQLVWLF� PHDVXUH� IRU� FUHDWLYH� GHVLJQ
VLWXDWLRQV�

2.2  The Maximum Entropy Formulation
7KHUH�ZRXOG�EH�PXFK�FRQWURYHUV\�LI �WKH�GHVLJQHU�DVVLJQV��UDWKHU
WKDQ�DVVHVVHV�� WKH�SUREDELOLW\�RI �VXFFHVV� LQ�WKH�FRQFHSW�SKDVH�WR
TXDQWLI\� FRPSOH[LW\�� � )URP� WKH� SHUVSHFWLYH� RI � GHYHORSPHQWV
GLVFXVVHG� LQ� WKH� SUHYLRXV� VHFWLRQV�� LW� ZRXOG� DSSHDU� WKDW� WKH
SUREOHP�LV�VLPSO\�GHFLGLQJ�KRZ�WR�HQFRGH�DYDLODEOH�LQIRUPDWLRQ�
+RZHYHU��WKH�SUREOHP�LV�QRW�WKDW�VLPSOH���,W�LV�LQGHHG�GLIILFXOW�WR
DQVZHU� IXQGDPHQWDO� TXHVWLRQV� DERXW� GHVLJQ� NQRZOHGJH�� � 2IWHQ
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ZH� FDQ� EH� IDLUO\� H[SOLFLW� DERXW� ZKDW� ZH� NQRZ� LQ� UHJDUG� WR� D
VSHFLILF� TXHVWLRQ�� �+RZHYHU�� WKLV� NQRZOHGJH� FDQ� EH� LQFRPSOHWH
DQG�PXVW�EH� HQFRGHG� LQ� D�SRVVLELOLW\�GLVWULEXWLRQ�EHIRUH�ZH�FDQ
PDNH� XVH� RI � LQIHUHQWLDO� PHWKRGV�� � ,Q� 3DUW� ,�� WKH� DXWKRU
LQWURGXFHG� WKH� FRQFHSW� RI � HQWURS\��ZLWK� WKH� DYHUDJH� HQWURS\� LV

JLYHQ� H p pi i �¦ log �� � 7KH� FRQFHSW� RI � HQWURS\�� DQG� LWV

H[WHQGHG� QRWLRQV�� LV� XVHG� WR� KDQGOH� WKH� LVVXH� RI � XQFHUWDLQW\�
-D\QHV� �������SURSRVHG� WKH� SULQFLSOH� RI �PD[LPXP� HQWURS\�� DQG
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����� VXEMHFW� WR� WKH� QRUPDOL]DWLRQ� FRQVWUDLQW�� (T������� ,Q� WKLV
PHDQLQJ�� -D\QHV� ������� DGGHG�� �7KH� PLQLPDOO\� SUHMXGLFHG
SUREDELOLW\�GLVWULEXWLRQ� LV� WKDW�ZKLFK�PD[LPL]HV� HQWURS\� VXEMHFW
WR�FRQVWUDLQWV�VXSSOLHG�E\�WKH�JLYHQ�LQIRUPDWLRQ��

0D[LPXP� HQWURS\� LV� PRVW� EHQHILFLDO� ZKHQ� WKH� NQRZOHGJH� LV
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HQWURS\�FDQ� EH� FKDUDFWHUL]HG� DV� IROORZV�� D�'3� LV� D� YDULDEOH� WKDW
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WR� JHQHUDWH� D� SUREDELOLW\� GLVWULEXWLRQ� ZKLFK� DJUHHV� ZLWK� WKH
DYHUDJHV� EXW� DUH� PD[LPDOO\� QRQ�FRPPLWWDO� ZLWK� UHVSHFW� WR
DQ\WKLQJ�HOVH�
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LQWHJUDOV� DQG� WDNH� WKH� GLIIHUHQFHV� EHWZHHQ� GLVFUHWH� YDOXHV�
6RPHWLPHV�ZH�DUH�RQO\� FRQFHUQHG�ZLWK� D�GLVFUHWL]HG�YHUVLRQ�RI
WKH� FRQWLQXRXV� YDULDEOH�� L�H�� '3��� '3��� ����� '3G� DQG� D� GLVFUHWH
IRUPXODWLRQ�ZLOO�ILW�

$V� VXFK�� WKH� SUREOHP� LV� H[SUHVVHG� PDWKHPDWLFDOO\� E\� /HXQJ
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VXFFHVV�DW�WKH�IROORZLQJ�FRQVLVWHQF\�OHYHOVD  085 0 90 0 95. , . , . �

6ROXWLRQ
:H� FDQ� XVH� WKH�*$06� WR� VROYH� WKH� SURJUDP�� (T������� (T������
DQG�(T������WR�REWDLQ�WKH�SUREDELOLW\�GLVWULEXWLRQ�VKRZQ�LQ�7DEOH
��

Table 1:  The probability distribution obtained from the
fuzzy data p
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�� WKHQ� WKH� DUHD�3VU� � LV� XQLW\�� � 7KXV� WKH

FRPPRQ� UDQJH� DUHD�� 3FU�� LV� WKH� VDPH� DV� WKH� GHVLJQ� UDQJH�� � %\
XVLQJ� WKH� GHILQLWLRQ� RI � FRPSOH[LW\� DGRSWHG� LQ� D[LRPDWLF� GHVLJQ
�(T������3DUW�,���WKH�IROORZLQJ�SUREDELOLW\�RI �VXFFHVV��7DEOH����DQG
FRPSOH[LW\�OHYHOV�FDQ�EH�GHWHUPLQHG
7KH� SUREDELOLW\� RI � VXFFHVV� IRU� D� JLYHQ� IXQFWLRQDO� UHTXLUHPHQW
�H�J�� WKH� VHDOLQJ� IXQFWLRQ�� FDQ�EH�FDOFXODWHG�ZKHQ� WKH� UHVSHFWLYH
'3� LV� VHOHFWHG� �H�J�� D� FRPSUHVVLRQ�EDVHG� JDVNHW� YV�� D� FKHPLFDO
HODVWRPHU����6LQFH�DQ�)5�LV�D�IXQFWLRQ�RI �UDQGRP

Table 2:  The complexity levels of the probabilities
D 2ET 2UT R *�
PCVU�
���� ����� ����� ����� �����
���� ����� ����� ����� �����
���� ����� ����� ����� �����

YDULDEOHV�� WKH�SUREDELOLW\�RI �VXFFHVV��DV�ZHOO�DV� FRPSOH[LW\� OHYHOV
FDQ�EH�IRXQG���+HQFH��+LN�FDQ�EH�FDOFXODWHG�DQG�VXEVWLWXWHG�LQWR
WKH�IRUPXODWLRQ�SUHVHQWHG�LQ�3DUW�,�DV�IROORZV�
�� 'HWHUPLQH�WKH�GLVFUHWH�VHW�YDOXHV�IRU�DOO�WKH�'3V�DQG�39V�DW

LQVWDQFH�¶N·�LGHQWLILHG�E\�WKH�SK\VLFDO�DQG�SURFHVV�PDSSLQJV�
�� 'HWHUPLQH� WKH� PHPEHUVKLS� IXQFWLRQ� RI � WKH� IX]]\� VHW�

�VXFFHVVIXO���DURXQG�WKHVH�VHW�YDOXHV
�� 6ROYH�WKH�GLVFUHWH�PDWKHPDWLFDO�IRUPXODWLRQ�>(T�V������������

�����RU�����@�WR�REWDLQ�WKH�SUREDELOLWLHV�RI �VXFFHVV
�� 6XEVWLWXWH�WKH�SUREDELOLWLHV�LQ�(T������WR�REWDLQ�+LN

�� 5HSHDW�6WHSV�� �� WKURXJK��� IRU� HYHU\� LQVWDQFH�� D�'3�� RI � WKH
IXQFWLRQDO�VWUXFWXUH��L�H��DOO�IHDVLEOH�SK\VLFDO�VROXWLRQ�HQWLWLHV

�� 6XEVWLWXWH�+LN� LQ� WKH� LQWHJHU� SURJUDPPLQJ� IRUPXODWLRQ� WKDW
ZDV�SUHVHQWHG� LQ�3DUW� ,��(TV������ ������RU�(TV�� ����� WKURXJK
�����

�� 6ROYH�WR�VHOHFW�WKH�EHVW�VROXWLRQ�HQWLW\�
 

,Q� DGGLWLRQ� WR� WKH� SUREDELOLW\�FRQVLVWHQF\� SULQFLSOH�� WKHUH� KDYH
EHHQ�PDQ\�DWWHPSWV�WR�FRPELQH�SUREDELOLVWLF�DQG�IX]]\�PHDVXUHV
LQ� D� GLVFUHWH� IUDPHZRUN�� � =DGHK������� ILUVW� LQWURGXFHG� WKH
HQWURS\�RI �D�IX]]\�VHW�ZLWK�UHVSHFW�WR� D�GLVFUHWH�SUREDELOLVWLF� DV
WKH�ZHLJKWHG� 6KDQQRQ� HQWURS\�� � 2WKHU� IUDPHZRUNV� WR� FRPELQH
SUREDELOLVWLF� DQG� IX]]\� PHDVXUHV� ZDV� VXJJHVWHG� E\� ;LH� DQG
%HGURVLDQ� �������� 3DO� DQG� 3DO� �������� � :H� IRXQG� WKDW� WKHVH
PHDVXUHV�DUH�KDUG�WR�MXVWLI\�LQ�RXU�FRQWH[W�

3.  THE CONCEPT SELECTION PROBLEM:  A
FUZZY FORMULATION

7KH� DERYH� GHYHORSPHQW� WR� REWDLQ� DQ� HVWLPDWH� IRU� GHVLJQ
FRPSOH[LW\� IURP� IX]]\� GDWD� VLPSOLILHV� WKH� HIIRUW� WR� ILQG� D
VROXWLRQ� WR� D� IX]]\� YHUVLRQ� RI � WKH� LQWHJHU� SURJUDPPLQJ
IRUPXODWLRQ�RI �WKH�VHOHFWLRQ� LQ�3DUW� ,�� � ,Q� WKLV� FDVH� LQIRUPDWLRQ
FRQWHQW� LV� TXDQWLILHG� XVLQJ� GHWHUPLQLVWLF� TXDQWLWLHV� UDWKHU� WKDQ
IX]]\� TXDQWLWLHV�� � $QRWKHU� DSSURDFK� LV� WR� IX]]LI\� WKH� LQWHJHU
SURJUDPPLQJ�LWVHOI �DV�D�WRWDOLW\���7KH�IX]]LILFDWLRQ�RI �WKH�LQWHJHU
SURJUDP�FDQ�EH�FDUULHG�RXW�E\�IX]]\ILQJ�DQ\�FRPELQDWLRQ�RI �WKH
YDULDEOHV�3,��:��RU�$:���,Q�WKH�GHULYDWLRQ�EHORZ��WKH�YDULDEOHV�:
DQG� $:� ZHUH� XVHG� DV� IX]]\� FRQFHSWV�� � ([WHQVLRQ� RI � WKH
GHYHORSPHQW� WR� LQFOXGH� 3,� GRHV� QRW� FRQWULEXWH� WR� WKH
IRUPXODWLRQ�FODULW\�DQG�LW�ZDV�GURSSHG����1HYHUWKHOHVV��WKH�UHDGHU
FDQ� IROORZ� WKH�GHULYDWLRQ�KHUH� WR� LQFOXGH�3,� DV� D� IX]]\� FRQFHSW
ZKHQ�GHVLUHG�

7KH� PRGHOLQJ� RI �:� DQG� $:� DV� IX]]\� QXPEHUV� DOORZ� PRUH
UHDOLVWLF� DQG� UREXVW� UHSUHVHQWDWLRQ� RI � WKH� LPSUHFLVLRQ� DQG� WKH
OLQJXLVWLF� LQH[DFWQHVV� H[SHULHQFHG� LQ� WKH� VHOHFWLRQ� SURFHVV�� � ,Q
WKLV� FDVH�� WKH� 
IXQFWLRQ� ZHLJKW
� UDWLQJ� FDQ� EH� YLHZHG� DV� D� IX]]\
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~
W ��IRU�4)'
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YDULDEOH� IRU�4)'
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FRQWLQXRXV� IX]]\� VHW� RQ� WKH� UHDO� OLQH�� � )RU� FRPSXWDWLRQDO
HIILFLHQF\��'XERLV� DQG� 3UDGH� ������� VXJJHVWHG� D� IX]]\� QXPEHU
UHSUHVHQWDWLRQ� WKDW� GHSHQGV� RQ� WKH� LGHQWLILFDWLRQ� RI � WZR
UHIHUHQFH� IXQFWLRQV��/� IRU� OHIW� DQG�5� IRU� ULJKW� DQG� WKH� VSUHDGV
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7KH� GHFLVLRQ� YDULDEOHV� DUH� WKH� ELQDU\� YDULDEOHV� Yik � ZKLFK

LQGLFDWHV� WKH� SK\VLFDO� FRPSRQHQW� �'3N�� WKDW� GHOLYHUV� WKH
IXQFWLRQDO� UHTXLUHPHQW� )5L� ZKLOH� PD[LPL]LQJ� WKH� FXVWRPHU
VDWLVIDFWLRQ�� DQG� PLQLPL]LQJ� XQFHUWDLQW\� LQ� WKH� OLQJXLVWLF
IRUPXODWLRQ�SURFHVV�DV�ZHOO�DV�WR�GHVLJQ�FRPSOH[LW\����0LQLPL]LQJ
XQFHUWDLQW\� LQFUHDVHV� WKH� GHVLJQHU� RYHUDOO� FRQILGHQFH� LQ� WKH
VHOHFWHG�'3V�DQG�JXDUGV�WKH�VHOHFWLRQ�SURFHVV�IURP�EHLQJ�ELDVHG
WRZDUG� VROXWLRQV� RI � TXHVWLRQDEOH� FRQILGHQFH�� � 7KLV� WUDQVIHUUHG
GHWHUPLQLVWLF�IRUPXODWLRQ�RI �WKH� IX]]\� VHOHFWLRQ�SUREOHP�DOORZV
DQDO\VLV� WR� EH� FRQGXFWHG� DW� WKH� PLFUR� OHYHO�� L�H�� WKH� DWWULEXWHV
�SDUDPHWHUV�� RI � WKH� IX]]\� QXPEHU�� � $�PDFUR� OHYHO� IRUPXODWLRQ
FDQ� EH� REWDLQHG� ZKHQ� D� IX]]\� QXPEHU� LV� UHSODFHG� E\� D� FULVS
VFRUH�� H�J�� LWV� FHQWURLG� RU� ZHLJKWHG� DYHUDJH� �&KHQ� DQG� +ZDQJ
��������7KH�FULVS�VFRUH�LV�D�IXQFWLRQ�RI �WKH�OHIW�DQG�ULJKW�SDUWV�RI
WKH�PHPEHUVKLS�IXQFWLRQ�

6ROXWLRQ� WR� WKH� SURJUDP� LQ� (T�V�� ���������� FDQ� EH� REWDLQHG� E\
EUDQFK�DQG�ERXQG�HQXPHUDWLRQ�PHWKRG���,Q�RXU�FDVH��WKHUH�DUH�P
ELQDU\� YDULDEOH�� WKH� <LN
V�� ZKLFK� UHVXOW� LQ� H[DFWO\

2 2
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�  GLIIHUHQW�LQWHJHU�YHFWRU�VROXWLRQ���+RZHYHU��DV�P�JHWV

ODUJHU��LW�PD\�EH�H[WUHPHO\�GLIILFXOW��FRPSXWDWLRQDOO\��WR�H[SOLFLWO\

HQXPHUDWH�DOO� LQWHJHU�VROXWLRQV�� �+RZHYHU��ZLWK� VXLWDEOH� VHOHFWHG
FRQVWUDLQW�FULWHULD�WKH�H[KDXVWLYH�HQXPHUDWLRQ�FDQ�EH�UHGXFHG�E\
HOLPLQDWLQJ� VHWV� RI � WKH� YHFWRU� VROXWLRQV� WKDW� GRHV� QRW� ILW� WKH
FULWHULD�RU�UHVXOW�LQ�LPSURYHG�VROXWLRQV���7KHVH�VHWV�DUH� LPSOLFLWO\
HQXPHUDWHG�� �7KH�EUDQFK�DQG�ERXQG�PHWKRG�UHTXLUHV�D�VROXWLRQ
DV� D� VWDUWLQJ� UHTXLUHPHQW�ZKLFK�FDQ�EH�REWDLQHG�E\� UHOD[LQJ� WKH
LQWHJUDOLW\� FRQVWUDLQWV� LQ� (T������ WR

0 1 1 1d d �   Y i i m k Kik   , , ... , , ,... , �� �,Q�WKLV�FDVH�� WKH� LQWHJHU

SURJUDP� LV� FRQYHUWHG� WR� D� QRQ�OLQHDU� FRQWLQXRXV� SUREOHP� VLQFH
WKH� GHFLVLRQ� YDULDEOHV� FDQ� DVVXPH� DQ\� YDOXH� LQ� >���@�� LQFOXVLYH�
7KH� REMHFWLYH� IXQFWLRQ� EHFRPHV� D� TXRWLHQW� RI � WZR� OLQHDU
IXQFWLRQV�DQG�LV�VXEMHFW�WR�OLQHDU�FRQVWUDLQWV���$�SURJUDP�RI �WKLV
W\SH� LV� FDOOHG� D� 
IUDFWLRQDO� SURJUDP
� RU� D� 
SURJUDPPLQJ� SUREOHP
ZLWK� OLQHDU� IUDFWLRQDO� IXQFWLRQDOV
�� � 7KH� GLIIHUHQW� FDVHV� RI
VROXWLRQ�WUHDWPHQW�FDQ�EH�IRXQG�LQ� �0XUW\�������� � 6ROXWLRQV� DUH
REWDLQHG� DIWHU� FRQYHUWLQJ� WKH� IUDFWLRQDO� SURJUDP� WR� D� OLQHDU
SURJUDP� ZLWK� VXLWDEOH� WUDQVIRUPDWLRQ� RI� YDULDEOHV�� � 2QFH� WKH
FRQWLQXRXV� VROXWLRQ� LV� REWDLQHG�� WKH� EUDQFK�DQG�ERXQG
HQXPHUDWLRQ�PHWKRG�FDQ�EH�HPSOR\HG�

4.  CONCLUSIONS
7KH� FRQFHSW� VHOHFWLRQ� SUREOHP� FDQ� EH� VROYHG� XVLQJ� WKH� LQWHJHU
SURJUDPPLQJ�IRUPXODWLRQ�SURSRVHG�KHUH���7KH��VHOHFWLRQ�FULWHULD
LQFOXGH� WKH� FRPSOH[LW\�� FXVWRPHU� VDWLVIDFWLRQ�� DQG� GHVLJQ� YDOXH�
'HVLJQ� FRPSOH[LW\� LV� PHDVXUHG� E\� LQIRUPDWLRQ� FRQWHQW� XVLQJ
6KDQQRQ�HQWURS\�ZKLFK� LQ� WXUQ� WDNHV� WKH� SUREDELOLW\� RI � VXFFHVV
DV�DUJXPHQWV�� �,Q�PDQ\�VLWXDWLRQV�� WKHVH�SUREDELOLWLHV�FDQ�QRW�EH
TXDQWLILHG� GLUHFWO\�� � 7KH� FRPELQHG� XVH� RI � IX]]\� FRQFHSWV� DQG
PD[LPXP� HQWURS\� SULQFLSOH� HQDEOH� WKH� LQIHUHQFH� RI � WKH
SUREDELOLW\�GLVWULEXWLRQ�IURP�WKH�IX]]\�LQIRUPDWLRQ�� �2QFH�WKHVH
SUREDELOLWLHV�DUH�IRXQG��WKH\�FDQ�EH�VXEVWLWXWHG�LQ�WKH�HQWURS\�WR
TXDQWLI\�FRPSOH[LW\�� �7KH�FRPSOH[LW\� LV� WKHQ� LV�XVHG� LQ� HLWKHU�� D
GHWHUPLQLVWLF�LQWHJHU�SURJUDPPLQJ�>(T�V������������RI �3DUW�,@�RU�D
IX]]\� IRUPXODWLRQ� WKDW� FDQ� EH� WUDQVIHUUHG� WR� WKH� GHWHUPLQLVWLF
GRPDLQ�DIWHU�VRPH�PDQLSXODWLRQ�>(T�V������������RI �3DUW�,,@���7KH
UHVXOW� � LQ� HLWKHU� IRUPXODWLRQ� LV� D� VHOHFWHG� V\VWHP� WKDW� KDV� WKH
FRPSRQHQWV� WR� PD[LPL]H� FXVWRPHU� VDWLVIDFWLRQ�� YDOXH�� DQG
VLPSOLFLW\�LQ�DQ�DVVHPEO\�IHDVLEOH�FRQILJXUDWLRQ�
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