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ABSTRACT
Recently, there has been considerable interest in micro
gyroscopes made of silicon chips. It can be applied to many
micro-electro-mechanical systems (MEMS): devices for
stabilization, general rate control, directional pointing, autopilot
systems, and missile control. The mechanical design of the
gyroscope is carried out using axiomatic design, followed by the
application of the Taguchi robust design method to determine the
dimensions of the parts so as to accommodate the dimensional
variations during fabrication. Functional requirements are defined
twofold. One is the natural frequencies should have fixed values,
and the other is the system should be robust to large tolerances.
According to the Independence Axiom, design parameters are
classified into a few groups. Then, the detailed design process is
performed according to the sequence indicated by the design
matrix. The dimensions of the structure are determined to have
constant values for the difference of frequencies regardless of the
tolerances. It is noted that the Taguchi concept is utilized as a unit
process of the entire axiomatic approach.
Keywords: Vibratory Gyroscope, Robust Design, Axiomatic
Design, Decoupled Design

1 INTRODUCTION
The gyroscope is a device which measures the angular rates
of an inertial object. It has been used in devices for stabilization,
general rate control, directional pointing, autopilot systems, and
missile control. Manufacturing of a mechanical gyroscope is very
costly because various precision parts are required. Low-cost and
small size gyroscopes are necessary for wider applications in the
commercial field for accurate sensing.
In 1990, a company named Murata and Tokin produced a
small vibratory gyroscope made of piezoelectric materials. Their
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products were limited in size and costly because of the precision
manufacturing process. Recently, there has been interest in the
applications of silicon-made micro vibratory gyroscope because
the size and cost could be considerably reduced [1-4].
The operating principle of a vertical gyroscope is based on
the rotation-induced transfer of energy between two different
vibration modes: driving mode and sensing (torsional) mode. If
an angular velocity is imposed on the vibrating structure in the
driving mode (horizontal direction) at the resonance frequency, it
experiences Coriolis force. The Coriolis force proportional to the
angular velocity causes displacements in the vertical direction. If
the natural frequency in the sensing mode matches with the one in
the driving mode, the displacements are exaggerated and sensing
is easy [5]. Therefore, it is important to match the natural
frequencies of two vibration modes [6,7]. However, lapping and
etching processes make errors during fabrication. Fabrication
error results in large dimensional error of the gyroscope. Such
shape errors cannot be controlled easily. The dimensional error
causes the variations in natural frequencies and thereby the low
yield rate. To solve these problems, a robust design is applied to
the design of a gyroscope. Han and Kwak performed robust
optimal design considering fabrication errors [8].
In their
approach, robust design was applied to a vibratory gyroscope
without gimbal, and robustness is defined from optimization
viewpoint.
This paper describes robust design of a vertical gyroscope
with unbalanced inner gimbal. Axiomatic approach is chosen for
the design process. The yield rate is increased although the
fabrication errors exist. Evaluations of responses are conducted
using a commercial FE program: GENESIS [9].
Functional requirements (FRs) of vibratory gyroscope are
defined for robust design. Initial FRs of vibratory gyroscope are
related to setting the frequencies of two vibration modes. In the
conventional approach, an FR for robustness is not separately
defined. FRs are defined for certain performances and robustness

Page: 1/7

Robust Design of the Vibratory Gyroscope with Unbalanced Inner Torsion Gimbal Using Axiomatic Design
Second International Conference on Axiomatic Design
Cambridge, MA – June 10-11, 2002
is achieved for a defined FR. In this research, it is noted that a
separate FR is defined for robustness because robustness is not
Target
Probability
directly defined from existing FRs. The FR for robustness against
System pdf
Bias
fabrication errors is minimizing the variation of the difference of
two natural frequencies to uncertain variables. According to the
Independence Axiom [10,11], design parameters (DPs) are
Design range
classified into groups for FRs. Design of Experiments (DOE)
and Analysis of Variance (ANOVA) are used in this process. A
Area within
Common range
design matrix is established by the sensitivity of a DP with respect
to an FR. When the sensitivity is ignorable, the corresponding
element in the design matrix is regarded as zero. As a result, a
FR
Variation from the peak value
decoupled design is obtained through FRs-DPs mapping. Such a
design has a sequence in solving procedure After making the
Figure 1. Design range, System range, Common
design equation, each DP is determined to satisfy the
range and System pdf for one FR
corresponding FR. Robust design is conducted to satisfy the FR
which is defined for robustness. Taguchi’s concept is adopted to
where [A] is called the design matrix. Based on the Independence
minimize the variance of the FR [12,13].
Dimensions of
Axiom, designs may be classified into three kinds: uncoupled,
gyroscope are determined and an improved yield rate is achieved.
decoupled, and coupled. To satisfy the Independence Axiom, the
design matrix must be either diagonal or triangular. When the
design matrix is diagonal, an FR can be satisfied independently by
2 REVIEW OF AXIOMATIC DESIGN AND TAGUCHI
one DP. Such a design is called an uncoupled design. When the
ROBUST DESIGN
matrix is triangular, the independence of FRs can be guaranteed if
and only if the DPs are determined in a proper sequence. It is
Axiomatic Design was proposed to provide a framework for
called a decoupled design. Any other form of the design matrix is
design problems. It states that a design should be defined by
called a full matrix and results in a coupled design.
independent FRs and DPs and designers should minimize the
The Information Axiom states that among those designs that
information content of their designs [10,11]. On the other hand,
satisfy the Independence Axiom, the design that has the smallest
G. Taguchi had developed the Taguchi method for quality
information content is the best design. The information content
improvement [12]. Axiomatic Design and Taguchi method have
is defined in terms of the probability of success. A design that
found many successful applications in engineering and are
has the highest probability of success is the best design.
continually being expanded to different design phases [14-18].
The design range and the system range of a design with one
Taguchi method is utilized as a unit of the axiomatic approach in
FR are illustrated in Figure 1. The probability of success is
determining a DP to satisfy an FR.
calculated as following:

2.1 AXIOMATIC DESIGN
The designers have to choose a correct set of DPs to be able
to satisfy FRs. FR is "what we want to achieve" and DP is "how
we achieve it." The world of design is made up of four domains:
the customer domain, the functional domain, the physical domain,
and the process domain [10,11]. The method is not explained in
detail.
The basic postulate of the Axiomatic Design is that there are
two fundamental axioms that govern the design process. The
axioms are formally stated as:
Axiom 1: The Independence Axiom. Maintain the independence
of functional requirements.
Axiom 2: The Information Axiom. Minimize the information
content.
The Independence Axiom states that the independence of
FRs must always be maintained, where FRs are defined as the
minimum set of independent requirements that characterize the
design goals. The relationship between the FR and the DP
vectors are written as

{FR} = [A]{DP}
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(1)

Ps =

Common range
System range

(2)

When an FR is a continuous random variable, the probability
of success can be expressed as following:

Ps = ∫

FR* + ∆
FR* − ∆

φ (FR ) dFR

(3)

where φ(FR) is a system probability density function, ∆ is a half of
design range, and FR* is the target value.

2.2 TAGUCHI ROBUST DESIGN
Taguchi suggested that the steps for a product or a process
design be composed of three kinds: system, parameter, and
tolerance design. The system design is a step where new ideas are
generated to provide products to customers.
Within the
parameter design step, the designer determines the optimum
setting for control factors using orthogonal arrays and Signal-toNoise (SN) ratio. The final goal of the parameter design is that
designer makes products insensitive to noise factors. The
tolerance design is implemented to improve quality at a minimum
cost. It should be used when the sensitivity of responses resulting
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Figure 2. Robustness of f(x)
from the parameter design is not satisfactory. In particular, the
parameter design scheme of the Taguchi method is adopted for
robust design [16].
Figure 2 explains the concept of robust design with one
control factor x. The objective function is f(x) and the tolerance
of the control factor is ∆x. The distribution of the objective
function is generated from that of the control factor. The tight
dispersion of the objective function reduces the cost since the
tolerance bands of the design variables can be loosened. In
Figure 2, point A represents the optimum without considering the
robustness, while point B represents the robust optimum. The
performance of the deterministic optimum is better than that of
the robust optimum. However, its distribution is wider than the
robust optimum [17].

3 STRUCTURE DESIGN AND FABRICATION
PROCESS OF THE VIBRATORY VERTICAL
GYROSCOPE
The schematic of the vibratory vertical gyroscope is
illustrated in Figure 3. The gyroscope is composed of four
driving springs suspending the entire mass, the driving comb
electrodes, and the driving-sensing comb electrodes. The bottom
under the inner mass (gimbal) is an electrode that senses the tilting
of inner mass. The inner mass and the outer frame are connected
by two torsional springs. When the driving voltage applies on the
driving comb electrode on the outer frame, the inner mass
oscillates along x-axis with the driving frequency. If the
gyroscope rotates around y-axis, Coriolis force around z-axis is
generated. The Coriolis force makes the asymmetry of the inner
mass tilt, and the capacitance between the inner mass and the
bottom electrode changes. The change is the sensing measure of
the rotation.
In general, the surface micromaching using LPCVD (Low
Pressure Chemical Vapor Deposition) poly silicon is used to
fabricate the vibratory gyroscope with the bottom electrode.
Figure 4 shows the micromaching fabrication process. When the
structure layer is lapped and polished to 40µm thickness with
CMP (Chemical Mechanical Polishing: see Figure 4.d), the
variation of thickness occurs. When the gyroscope structure is
formed with deep etcher (see Figure 4.e), the variation of width
occurs. These variations cause the change of the frequency
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Outer Frame
Driving-sensing Comb

Figure 3. The schematic of the vibratory vertical
gyroscope

Figure 4. Manufacturing process
performance. Especially, driving frequency and sensing frequency
have large changes so that the gyroscope does not operate well.

4 ROBUST DESIGN OF GYROSCOPE
The vibratory vertical gyroscope has two modes that are
driving mode and sensing mode (see Figure 5). Two modes have
to be perfectly separated by structural geometry and natural
frequencies of two modes have to be very close each other. The
gyroscope illustrated in Figure 3 has a possibility to satisfy these
requirements. Driving mode is governed by bending springs and
sensing mode is governed by torsional springs. However, the
fabrication errors can change the desired dimensions of such
springs. The change disturbs the separation of two modes and
keeping the difference of two frequencies. As a result, the yield
rate of products is reduced by the fabrication errors. To avoid the
yield reduction, the difference of two frequencies has to be within
specific range in spite of the fabrication errors.
The FRs and constraints of gyroscope with considering the
fabrication tolerances are defined as follows:
FR1: Set the frequency (f1) of the driving mode.
FR2: Set the frequency (f2) of the sensing mode.
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Table 1. Levels of design variables for inner array
(µm)
Level

x1

x2

x3

x4

x5

x6

1
2
3

C
C-2
C+2

C
C-1
C+1

C
C+44.5
C-44.5

C
C-44.5
C-89

C
C+5
C+10

C
C-10%
C-20%

C: Initial design value
(a) Driving mode: 1st frequency (f1)

Table 2. Levels of tolerances for outer array (%)
Level

x1

x2

x3

x4

x5

x6

1

0.00

0.00

0.00

0.00

2.50

0.00

2

-2.08

-2.08

-2.08

-2.08

0.00

0.00

3

-4.17

-4.17

-4.17

-4.17

-2.50

0.00

4

-6.25

-6.25

-6.25

-6.25

-5.00

0.00

5

-8.33

-8.33

-8.33

-8.33

-7.50

0.00

x5
1
2
3
4
5
1
2
3
4
5
1
2
3
4
5
1
2
3
4
5
1
2
3
4
5

x6
1
1
1
1
1
2
2
2
2
2
3
3
3
3
3
4
4
4
4
4
5
5
5
5
5

Table 3. L25 all combination table
(b) Sensing mode: 2nd frequency (f2)
Figure 5. Driving mode and sensing mode of
the vibratory vertical gyroscope
D.V. x1

D.V. x4

D.V. x2

D.V. x5

D.V. x3

D.V. x6

Density

Figure 6. Design variables
FR3: Reduce the variation in the difference of two
frequencies (f2- f1).
Constraints:
C1: f2 > f1
C2: 50 Hz < f2 - f1< 200Hz
Actually, C1 is a subset of C2. However, it is defined separately to
emphasize the constraint.
FR1 and FR2 are related to the basic response in the
operation of gyroscope. FR3 is defined to obtain the robustness.
In the beginning of development, we thought that each variation
of the natural frequencies have to be reduced. Therefore, only
FR1 and FR2 were defined and the related DPs are determined to
minimize the variations of them. When each variation was
reduced, the difference of frequencies was increased. It was
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No.
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25

x1
1
1
1
1
1
2
2
2
2
2
3
3
3
3
3
4
4
4
4
4
5
5
5
5
5

x2
1
1
1
1
1
2
2
2
2
2
3
3
3
3
3
4
4
4
4
4
5
5
5
5
5

x3
1
1
1
1
1
2
2
2
2
2
3
3
3
3
3
4
4
4
4
4
5
5
5
5
5

x4
1
1
1
1
1
2
2
2
2
2
3
3
3
3
3
4
4
4
4
4
5
5
5
5
5

found that each variation of two frequencies is not important. On
the other hand, the sensitivity of bending springs should be
similar to that of the torsional springs. Then the difference in
FR3 will be robust. In general, achievement of robustness is not
used as an FR. In this case, pursuing robustness is not directly
related to FR1 and FR2. Therefore, a new FR for robustness is
defined by FR3.
Figure 6 shows the potential design variables which can be
changed in the design process. They are the torsional spring width
(x1), the bending spring width (x2), the hole size of the gimbal (x3),
the length of the gimbal(x4), the global thickness of the
gyroscope(x5), and the density of the gimbal(x6). The global
thickness of the gyroscope is fixed and only used to consider the
fabrication tolerance. Actually, the gimblal is made of a porous
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Table 4. Sum of squres of each FR (ANOVA)
DPs

FR1:f1

FR2:f2

FR3:σ(f2-f1)

x1

3.52E+03

5.64E+07

9.21E+03

x2

2.10E+07

4.53E+04

7.62E+02

x3

1.42E+04

1.22E+05

6.59E+01

x4

6.45E+04

2.04E+06

7.18E+01

x5

5.71E+03

1.09E+06

1.80E+02

x6

5.34E+05

2.83E+06

2.86E+02

αL

µf

2-f1

αU

(a) Distribution of f2 - f1 (before setting DP3)

Table 5. Relationships between FRs and DPs
FRs/DPs
FR1:f1
FR2:f2
FR3:σ (f2-f1)

DP1:Bending DP2:Gimbal DP3:Torsion
2.1E+07
4.5E+04
7.6E+02

6.1E+05
5.0E+06
4.2E+02

3.5E+03
5.6E+07
9.2E+03

material which has etch holes. In finite element analysis, the
density is utilized to represent the etch hole of the gimbal. The
design variables are grouped to form DPs. The grouping is based
on the sensitivity of the design variables with respect to FRs. The
sensitivity can be evaluated from differentiation. However,
differentiation only gives local information. Therefore, sensitivity
in a region is employed, and it is calculated from the ANOVA
table of Design of Experiment (DOE).
To evaluate the sensitivity, levels of design variables and five
levels of tolerances are given in Tables 1 and 2, respectively.
Orthogonal arrays are selected. The nominal values are located in
the inner array and the tolerances are located in the outer array.
The inner array uses the L18 standard array and the outer array
uses L25 array (see Table 3) that has a full factorial combination. A
finite element analysis is performed for each case of the inner and
outer arrays. The total number of simulations is 450. ANOVA is
performed from the results of simulations. The sum of squares is
obtained from ANOVA as shown in Table 4. Finally, design
variables are classified into three groups using the sum of squares.
DP1 is the bending spring width (x2). DP2 has a set of design
variables that are the hole size (x3), the length (x4) and the density
(x6) of the gimbal . DP3 is the torsional spring width (x1). Each
group is related to each FR and represents a DP. The relationship
between FRs and DPs is shown in Table 5.
From the above analysis, the design equation is defined as
follows:

 FR1   X

 
 FR 2 =  z
 FR3  z

 

Y
Y
z

z   DP1 


X   DP 2
X   DP3

(4)

where X, Y and z have the magnitude of X > Y >z. The design
can be considered as a decoupled design if z is assumed to be zero.
Thus design has to be performed according to the sequence as
indicated by equation (4). The first design activity is the
adjustment of DP3, the second is DP2 and the third is DP1.
Generally, it is difficult and costly to reduce variation after the
design parameters are set to the mean response on the target. In
order to keep the mean close to the target in product, the variation
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αL

µf

2-f1

αU

(b) Distribution of f2 - f1 (after setting DP3)

αL

µf

2-f1

αU

(c) Distribution of f2 - f1 (after setting all DPs)
Figure 7. Changes of the system distribution
in the response must first be reduced [19]. The sequence in
equation (4) matches the way in Taguchi method where system
variation is reduced first and system target is controlled.
When we obtain the design equation, design process is very
easy because the sequence for adjustment of DPs is known. The
yield of gyroscope is represented by the distribution of the
difference of two frequencies. Constraint C2 is a design range.
At first, DP3 is determined to satisfy FR3. The tolerances of
designs variables are assumed to have normal distributions.
Although x1 is only included in DP3, all the design variables are
considered in the evaluation of the variance. The reason is that
the off-diagonal terms in equation (4) are not exactly zeroes. The
orthogonal array (L25) in Table 3 is adopted for the calculation of
the variance for FR3. The orthogonal array has a full factorial
combination. The torsional spring width (x1) is only determined
to reduce the variation of FR3 based on the result from L25.
Figure 7.a illustrates the distribution of initial gyroscope design.
After determining the DP3, the distribution is reduced as
illustrated in Figure 7.b. It is noted that the variation is reduced
but the mean value moves outside the design range. The next
processes are utilized to adjust the response frequencies to the
target values. The adjustment of nominal frequencies is a
meaningless process because the nominal ones are changed by the
fabrication errors. The changes of nominal values are due to the
lack of symmetry in tolerances as shown in Table 1. Therefore,
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adjustment of the bending spring width (x2) is performed to
Define the functional requirements
adjust the frequency (f1) of the driving mode.
and constraints. (Select robust
The final design distribution is shown in Figure 7.c. The
design for functional requirements.)
variance is very small and the target values are kept in the design
range. The flow of the design process is illustrated in Figure 8.
The probability of success (Ps) is calculated by equation (3). Ps
Choose the design parameters and
of the new design is increased by 15% compared to the initial
survey tolerances.
design. Table 6 represents the final design. The springs become
thin, and the gimbal shape is changed. This result shows that the
yield of products is improved although the geometrical tolerances
Perform ANOVA with each FR, or
are allowed in fabrication.
sensitivity analysis.
Classify the design parameters, and
compose the design matrix.

Coupled
design

Classification of
design

Uncoupled
design

Decoupled design

Make a design sequence
functional requirements.
Determine the optimal
parameter with each FR.

of

design

Calculate the probability of success
considering the manufacturing
tolerances

Figure 8. Robust design strategy
Table 6. Robust design results (µm)
Design variables

Values

x1
x2
x3
x4
x5
x6

C-2
C-0.5
C+19
C-140
C
C-15%

C: Initial design value
mean values of frequencies are used instead of the nominal ones
in the processes to determine DP2 and DP1. DP2 is determined
to set the mean frequency to the target frequency without
changing the variance of the distribution. The mean frequency in
sensing mode is calculated by L25 array (see Table 3). DP2 is a set
of design variables that is related to the gimbal. Actually, DP3 is
also important in FR2. However, DP3 is fixed for FR2 to keep
the variance of FR3. Therefore, we do not have much freedom in
this process. Finally, DP1 is determined to satisfy FR1 by
considering the fabrication errors of all design variables. The
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5 SUMMARY
The robust design of the vibratory vertical gyroscope is
conducted using the Axiomatic Design principle. The yield of
gyroscope is increased by 15% compared to the initial design. The
FRs and constraints are defined according to the objective of the
design. Design variables are grouped for each FR. FRs-DPs
mapping is carried out using sum of squares in ANOVA. To
make the decoupled design, DOE and ANOVA apply to this
process. An orthogonal array is adopted for the grouping process.
Design equation is established to have a decoupled one. Design
process is performed as indicated by the design equation.
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